We investigate the moduli space of genus 10 curves that are endowed with a faithful action of the icosahedral group A 5 . We will show among other things that this moduli space essentially consists two copies of the pencil of plane sextics introduced by Winger in 1924 with the unique unstable member (a triple conic) replaced by a smooth non-planar curve.
INTRODUCTION
The invariants of the icosahedral group A 5 as a subgroup of PU 2 were determined by F. Klein in his book [8] . As W.M. Winger noted, the sextics among them make up a pencil of genus 10 curves that are invariant under the A 5 -action. He studied this pencil and exhibited explicit equations of all its singular members. The goal of this paper to establish the modular properties of this a modification of this pencil. We show for example that this pencil is universal at every non-singular member, when regarded as a family of genus 10 curves with icosahedral action. The pencil itself is not a moduli space, not even in a coarse sense, for two reasons. One is that there is an unstable member (the triple conic), which we prove is really like a planar shadow of a (nonplanar) nonsingular genus 10 curve with A 5 -action: indeed this conic is triply covered by such a curve. If we replace the conic by this cover we obtain what looks like a complete family of A 5 -curves of genus 10 with some stable degenerations. It is still not universal though and that has to do with the fact that the outer automorphism group of A 5 has order 2. Indeed, precomposing the A 5 -action with an automorphism of A 5 that is not inner yields another copy of this family. We show that the smooth members of their disjoint union indeed form the universal family of genus 10 curves with A 5 -action. The A 5 -orbifold of such a curve is of type (0; 5, 2, 2, 2), meaning that it has genus zero and has 4 orbifold points (of orders 5, 2, 2, 2). The following theorem sums up most of our results. Theorem 1.1. There exists a fine moduli space M A 5 10 and an universal family C A 5 10 → M A 5 10 of smooth projective genus 10 curves with faithful A 5 action. It has the following properties:
(i) The coarse moduli space M 0 (5, 2, 2, 2) of orbifolds of type (0; 5, 2, 2, 2) is isomorphic to a projective line minus three points, and A 5 -orbifold formation defines a morphism M A 5 10 → M 0 (5; 2, 2, 2). (ii) The moduli space M A 5 10 has two connected components, each of which is a degree 10 cover of M 0 (5, 2, 2, 2). Each component reproduces the smooth members of the Winger pencil, plus a (smooth) ramified cyclic cover of order three of the triple conic (which it replaces); in particular its base is a smooth rational curve minus three points. 10 of stable A 5 -curves and the above morphism given orbifold formation extends to a finite cover M A 5 10 → M 0 (5; 2, 2, 2). This paper is organized as follows. We first review the construction of the Winger pencil. We give the geometric construction which comes from the irregular orbits of icosahedral group acting on a projective plane and after that we give the construction using invariant theory. In the second section we prove some cohomology properties of the Winger pencil and show that is locally universal at its smooth members. In the third section we show how to replace the triple conic with a smooth algebraic curve which lies naturally on a cone of degree 4 over that conic so that projection away from the vertex yields a ramified triple cover. And we introduce a 'generalized' Winger pencil based on our results in section 2 and section 3. Finally we construct the moduli space of non-singular genus 10 curves that are endowed with a faithful icosahedral group action, using the approach in [4] . We show that it has two connected components and comes as a degree 20 cover of M 0,4 . We extend this cover M 0 (5, 2, 2, 2) to get the singular members of our Winger family.
DEFINITION OF THE WINGER PENCIL
2.1. Projective Lines and Projective Planes with A 5 Action. By the character theory of finite groups, we have two complex linear representations of A 5 of degree 3 (denoted I and I ), whose characters are given by the table below.
(1) (1) (12)(34) (123) (12345) (12354)
Here the first line represents all the conjugacy classes of A 5 . The representations I and I are exchanged by an outer automorphism of A 5 . There is in fact only one such automorphism: it is induced by conjugation with an element of S 5 − A 5 and we shall denote it by ι. Since we do not always want to make a choice between I and I , we fix a 3-dimensional complex vector space U endowed with finite subgroup I ⊂ GL(U ) that acts irreducibly in U and is isomorphic to A 5 . The choice of an isomorphism I ∼ = A 5 then makes of U an A 5 -representation isomorphic to I or I . The I-action on U induces one on the projective plane P(U ). The group I leaves invariant a nondegenerate symmetric bilinear form on U . In particular, U is self-dual as a representation of I. This form determines a I-invariant conic K in P(U ). Since K ∼ = P 1 , we can regard K as a projective representation of I. In fact, if we endow U with a I-invariant inner product, then P(U ) inherits from this a Fubini-Study metric and the induced metric on K identifies it with a round sphere. On this sphere we can draw a regular icosahedron such that I becomes its group of motions. This makes following lemma obvious. product space of dimension 2, this amounts to assigning to a line its orthogonal complement. So it is anti-linear (hence does not belong to the image of I), but still normalizes the I-action. In fact, it preserves every irregular orbit of I in K and so such an orbit consists of antipodal pairs. See Section 4 of [5] .
On the other hand there are no irreducible 2-dimensional complex linear representations of I ∼ = A 5 . We can however form a central extension of I by the cyclic group of order 2 that acts on a vector space of dimension 2: if we identify the group of motions of K with PSU 2 , then is it given by a pull-back diagram:
This gives indeed a non-trivial central extension of I by µ 2 and is called the binary icosahedral group. By construction it admits a complex-linear representation of degree 2 (which we shall denote by V K , since it has K as its associated projective line). A point in P − K defines a polar line in P which meets K in an antipodal pair with the same I-stabilizer. This implies:
The group I has in P(U ) 6 irregular orbits. The ones in K are the three orbits of size 12, 20 and 30 mentioned in Lemma 2.1 and the ones in P − K are obtained as the polar points of the lines spanned by antipodal pairs in an irregular orbit in K and hence are of size 6, 10 and 15.
The 6 antipodal pairs that make up the size 12 orbit in K span six distinct lines in P(U ), no three which are collinear. Their union, which we denote by C ∞ , is clearly a I-invariant sextic. The Winger pencil is a pencil of plane sextics with faithful I-action generated by the two generators C ∞ and 3K. For an appropriate choice of coordinates for U , the equation of K is
where η is the fifth root of unity. Then this pencil of plane sextics can be described as
Winger [13] showed that this pencil has exactly four singular members. They are (1) the conic with multiplicity 3, 3K, (2) the union of six lines C ∞ , (3) a irreducible nodal curve with 6 nodes (for λ = −1) which can be obtained from Bring's curve by identifying the 6 antipodal pairs in one of the two size 12 irregular orbits. We will give more explanation in Remark 3.6. (4) a irreducible nodal curve with 10 nodes (for λ = 27 5 ) which can be obtained from K by identifying the 10 antipodal pairs in the size 20 orbit. In the last two cases, the set of nodes make up a I-orbit. 2. Invariant Theory of Finite Groups. This pencil can be described in terms of invariant theory. We recall some theorems that we shall need; for details we refer [10] and [9] . Theorem 2.4 (Hilbert (1890), Noether (1916, 1926) ). Let G be a finite group. Then for every finite dimensional representation V of G then
To determine these generators, we have the following trick. First by the Noether's Normalization Lemma, we can find algebraic independent homogeneous polynomials
For R a graded noetherian C-algebra, we denote by H R (T ) := d≥0 dim C (R d )T d its Hilbert Series. The following proposition shows that this can be used to get some information on the degrees of the primary and secondary generators of C[V ] G . Proposition 2.5. Let G be a finite group, V a finite dimensional representation of G, and let {f 1 , · · · , f r } and {g 1 , · · · , g s } be the first and secondary invariants of G in C[V ] as above. Then
.
On the other hand, we can compute the Hilbert Series by means of Theorem 2.6 (Molien's Formula). We have
where the λ π i 's are the eigenvalues of π So we can determine the degree of invariant polynomials by computing the Hilbert series in two different ways. Using this we can calculate that C[U ] I has primary invariants of degree 2 (denoted by α), 6 (denoted by β) and 10 and secondary invariants of degree 0 and 15. If we consider it as a representation of A 5 , then it is the direct sum of two distinct 3 dimensional irreducible representations of A 5 , i.e E ∼ = I ⊕ I .
VERSALITY OF THE WINGER PENCIL AT ITS SMOOTH MEMBERS
Let us define the family W → B as the union of two copies of Winger pencil, obtained by two identifications A 5 ∼ = I that differ by an automorphism ι of A 5 that is not inner. So every member of this family except two different 3K is a curve of arithmetic genus 10 and endowed with a faithful A 5 -action. And each component of W → B has 4 singular fibers. We will use W • → B • to denote the locus over which this morphism is smooth.
Proof. Choose a generator µ of ∧ 3 U ∨ and regard this as a translation-invariant 3-form on U . Note that this form is I-invariant. Let F ∈ C[U ] I 6 be a defining equation for C. Then a meromorphic 3-forms on U defined by
has a simple pole along the cone over C (defined by F = 0) and at the hyperplane at infinity P(U ). This enabled us to define a linear map
This map is known to be injective see Chapter 5 of [6] and since both C[U ] 3 and H 0 (C, ω C ) are of dimension 10, it must be an isomorphism. As it is also I-equivariant, it follows that H 0 (C, ω C ) is as a I-representation isomorphic with C[U ] 3 . We know that U ∨ is either I or I as aA 5 -representation. Recall the following character formula for symmetric powers 
Each smooth member C of our pencil is I-equivariantly embedded in P(U ). This embedding is defined by a complete linear system that is I-invariant. The following proposition states that such linear system is unique.
A smooth member C of the family W admits at most one very ample I-invariant complete linear system of dimension 2.
We will need the following lemma, which has an interest of its own. Lemma 3.3. There exists a ZI-module L which is free as a Z-module of rank 10 and admits a Z-basis α 1 , . . . , α 10 such that the 20-element set {±α i } 10 i=1 is an I-orbit. This ZI-module is unique up to isomorphism. If C is a smooth fiber, then there exists an I-equivariant embedding L → H 1 (C) whose image is a Lagrangian sublattice and for which the cokernel can be Iequivariantly identified with L ∨ .
Proof. The map W → B is proper, and hence topologically locally trivial over the locus where it is smooth. So it is enough to prove this for one just one of its smooth members. So without loss of generality we can assume that C = C t with t close to − 27 5 . Recall that the singular set N of C − 27 5 consists of 10 nodes and that the normalization of C − 27 5 is a projective line. The nodes give 10 'vanishing circles' whose union A has the property that H * (C; A) is naturally (hence A 5 -equivariantly) identified with H * (C − 27 5 ; N ). The long exact homology sequence of the pair (C, A)
shows that the map H 1 (A) → H 1 (C) is injective and that its cokernel embeds in H 1 (C − 27 5 ; N ). The latter is torsion free and so the image L of H 1 (A) → H 1 (C) is a primitive sublattice of H 1 (C) of rank 10. It is also clear that the intersection product is identically zero on L, so that L is in fact a Lagrangian submodule of H 1 (C). This gives the identification of H 1 (C)/L ∼ = L ∨ . We thus obtain an exact sequence
Now L contains 20 vanishing cycles as 10 antipodal pairs. Since I acts transitively on N , the vanishing cycles make up either a single I-orbit of 20 elements or two 10-element orbits I-orbit that are opposite each other. In the last case, the sum of the elements of one such orbit would give a nonzero I-invariant element of H 1 (C) and this would contradict Lemma 3.1. Hence the 20 vanishing cycles make up one orbit. The uniqueness comes from the fact that A 5 has an unique subgroup who has 20 different conjugacy classes.
Proof of Proposition 3.2. Suppose we have two I-invariant complete linear systems on C of dimension 2, defined by line bundles L and L say (so that each realizes C as a nonsingular plane curve of genus 10). By the adjunction formula we then have L ⊗3 ∼ = ω C and L ⊗3 ∼ = ω C . So L ⊗ L −1 is an element of Pic(C) of order 3. We regard this as an element of H 1 (C; Z/3).
Our assumption implies that this element must be I-invariant and so it suffices to show that
is an isomorphism. By Lemma 3.3 we have an exact sequence
of ZI-modules. This remains exact if we apply Hom(−, Z/3) (for Z/3 is a field). An Z/3-valued linear form on L which is I-invariant is constant on the union of a basis of L and its opposite and hence must be identically zero. A similar argument applies to Hom
We derive from this uniqueness property two corollaries.
Corollary 3.4. For no member of the family W, the A 5 -action extends to an S 5 -action.
The proof uses the following lemma.
Lemma 3.5. A nontrivial (hence faithful) action of A 5 on P 1 resp. P 2 does not extend to S 5 .
Proof. The classification of all projective representations of symmetric and alternating groups is done by Schur in [11] . We suggest an English version of this theory by [7] . By the Example of [7] in Page 79, all the projective representations of S 5 are of degree 1, 4, 5 and 6. So there is no faithful S 5 action of degree 2 or 3.
Proof of Corollary 3.4. If 3K admits a faithful S 5 action, then S 5 will act faithfully on a regular icosahedron. This gives an injective group homomorphism from S 5 to the orientation preserving automorphisms of this icosahedron. But we know the latter group is A 5 and so this is impossible. For C ∞ we prove this as follows. Recall that C ∞ consists of 6 lines. Since A 5 acts transitively on these, the stabilizer of one such line must be order 10. The subgroups of A 5 of order 10 are dihedral and make up a single conjugacy class. The five other lines meet in as many distinct points and for a suitable affine coordinate on they are given by the 5th roots of unity. Since the Möbius transformations of P 1 preserving the 5th roots of unity form a dihedral group of order 10, A 5 must be the full automorphism group of C ∞ . In particular, the A 5 -action on C ∞ cannot extend to an S 5 -action.
Suppose that a singular member with 6 nodes, C −1 , say, admits an S 5 action. Then the 6 nodes must form an irregular S 5 -orbit. We normalize C −1 to get a nonsingular algebraic curve of genus 4. The S 5 -action lifts naturally by the universal property of normalization. Then the 6 nodes become a size 12 orbit of S 5 . So the stabilizer of a point of this orbit has order 10. Since the point stabilizers of a faithful finite group action on a smooth curve are cyclic (see Lemma 5.3 below), this would imply that S 5 contains an element of order 10, which is clearly not the case. So the A 5 -action on C −1 does not extend to a S 5 -action.
Suppose that a singular member with 10 nodes admits an S 5 action. After normalizing it, we get a non-singular algebraic curve of genus zero, i.e., a copy of P 1 , to which the S 5 -action lifts naturally. By Lemma 3.5 this is impossible.
Finally, suppose that for a smooth member C of the Winger family, the A 5 -action extends to an S 5 action. Since A 5 is normal in S 5 , any element of S 5 then takes the linear system of linear sections to an A 5 -invariant complete linear system of dimension 2. By Proposition 3.2 this linear system is the same. This proves that this linear system is in fact S 5 -invariant. So the S 5 action on C then extends to an action on P(U ). But this is impossible by Lemma 3.5.
Remark 3.6. Although C −1 admits no S 5 action, it's normalizationC −1 admits a S 5 action. Consider the projective space PW 4 with faithful S 5 action where W 4 is the dimension 4 irreducible representation of S 5 . The curveC −1 can be obtained by the complete intersection of a S 5 invariant quadratic surface and a S 5 invariant cubic surface. The smooth curveC −1 has an irregular orbit of size 24, while treating as A 5 curve this irregular orbit splits into two size 12 orbits. Hence such S 5 action doesn't descends to C −1 . Such curve is also called Bring's Curve. For more details see Chapter 5 of [12] . Corollary 3.7. Any two distinct members of the family W are not isomorphic as genus 10 curves endowed with a faithful A 5 -action, i.e., we cannot find an A 5 -equivariant isomorphism between them.
Proof. Suppose first that C and C are smooth members and that there exist a A 5 -equivariant isomorphism ψ : C → C . We prove that they are then equal. Consider the two A 5 invariant linear systems on C that define the embedding of C in P(U ) and the composite of ψ with the embedding of C in P(U ) (U is also a 3-dimensional complex vector space endowed with finite subgroup I ⊂ GL(U ) that acts irreducibly in U and is isomorphic to A 5 ). Proposition 3.2 tells us that the two linear systems coincide. In other words, ψ is induced by a projectivelinear transformation P(U ) → P(U ). This transformation is A 5 -invariant, but since U and U are irreducible as A 5 -representations, Schur's Lemma then implies that U ∼ = U and this transformation must be the identity. So C = C as algebraic curves with A 5 action.
If we take two singular members which are not isomorphic as algebraic curves, then clearly they are not isomorphic as algebraic curves with A 5 -action. Hence we only need to concentrate on different singular members which are isomorphic as algebraic curves.
Let C be a singular member of Winger pencil except 3K, then two choices of A 5 actions give two different group embeddings, i.e ρ : A 5 → Aut(C) and ρ : A 5 → Aut(C). If the claim doesn't hold, then we can find ψ ∈ Aut(C) such that
On the other side, by the definition, ρ (resp. ρ ) factors through p : A 5 → Aut C (P 2 ) (resp. p ) and restriction to C, where Aut C (P 2 ) consists of the automorphisms of P 2 which leave C invariant. The morphisms p and p satisfy the condition that p g = p ι −1 gι for some ι ∈ S 5 − A 5 and all g ∈ A 5 . This implies that for some ι ∈ S 5 − A 5 and all g ∈ A 5 ,the morphisms ρ and ρ must satisfy the equation
Let {p 1 , · · · , p 12 } be the size 12 irregular orbit. The stabilizer of each p i is isomorphic to µ 5 . Since the curve C must be smooth at each p i , ρ induced an injective group homomorphism
The image of µ 5 in GL(T p i C) admits a canonical generator g p i (consider this as the minimal principle argument angle of µ 5 acts on C T p i C). And it is clear that for an arbitrary automorphism h ∈ Aut(C), we have the relation h
Now the Equation 5 implies that g ψ(p i ) = ψ • g p i • ψ −1 equals the canonical generators g p i with respect to ρ . And Equation 6 implies that g ψ(p i ) and g ψ(p i ) are conjugate by an element ι ∈ S 5 − A 5 which lie in different conjugacy classes, in particular they cannot identified through an automorphism of C. This is a contradiction.
When C isomorphic to 3K, the A 5 action on 3K is actually an A 5 action on K. Recall that K = PV K embeds into P 2 = P(Sym 2 V K ) as the image of Veronese map where V K is a 2 dimensional irreducibleÃ 5 representation. Hence ψ lifts naturally to a linear transformation between two different A 5 representations. Then the Schur's Lemma implies that this ψ doesn't exist. This finishes the proof. Proof. Let C be a smooth member of the Winger pencil. Denote by ν C the normal bundle of C in P(U ), so that we have the exact sequence
The proof will center around the associated long exact sequence
or rather its I-invariant part. It fact, we have to interpret some of its terms geometrically. As is well-known, H 0 (C, ν C ) is the space of first order deformations of C in P(U ), whereas H 1 (C, θ C ) is the space of first order deformations of C as a curve and the coboundary map H 0 (C, ν C ) → H 1 (C, θ C ) is the obvious map. Hence I-invariant part of H 1 (C, θ C ) is the space of first order deformations of C which retain the I-action. We claim that the I invariant part is the tangent space at [C] of the family W.
To show this note that we have a natural map
where L is the line of equations for C. By the adjunction formula, we see that ν C has degree 36 and then Riemann-Roch implies that H 0 (C, ν C ) is of dimension 1 − 10 + 36 = 27. On the other hand C[U ] 6 is of dimension
So what we must prove is that the map of invariants H 0 (C, ν C ) I → H 1 (C, θ C ) I is an isomorphism. We do this by first showing that this map is injective and then proving that H 1 (C, θ C ) I is of dimension one (which we relegate to Lemma 3.9 below).
To prove injectivity, it suffices to show that H 0 (C, O C ⊗ θ P(U ) ) I = 0. For this we first observe that H 0 (C, θ C ) = 0 (for C has negative Euler characteristic). Consider the standard exact sequence of O P(U ) -modules This remains exact after tensoring with O C . The associated long exact sequence begins as
Lemma 3.9 below will then finish the proof.
Lemma 3.9. Let C ⊂ P(U ) be a smooth member of the family W. Then its space of first order deformations as an I-curve is of dimension one.
Proof. Recall that the first order deformations of C are parametrized by H 1 (C, θ C ), where θ C is the sheaf of tangent fields on C. Those that are I-invariant are parametrized by the I-fixed part of H 1 (C, θ C ). Since C is smooth, the residue sequence for the closed immersion C ⊂ P(U ),
C which then fits in the exact sequence of O P(U ) -modules
This gives the long exact sequence: (6) . It follows that H 0 (P(U ), ω ⊗2 P(U ) (C)) is of dimension one (and hence trivial as a I-representation), H 1 (P(U ), ω ⊗2 P(U ) (C)) = 0 and H 0 (P(U ), ω ⊗2 P(U ) (2C)) ∼ = C[U ] 6 as a I-representation. So it remains to see that C[U ] I 6 is of dimension 2. But this we noted in Corollary 2.7.
MODIFICATION OF WINGER PENCIL
As we observed before, every member in the Winger Pencil is a stable curve except 3K. In this section, we modify the Winger pencil with 3K replaced by a nonsingular algebraic curve which is a ramified Galois cover of K with Galois group the group of third roots of unity Z/3. Theorem 4.1. There exists a ramified Z/3-cover of K whose total space C K is a non-singular irreducible curve of genus 10 to which the I-action on K lifts in a unique way. Such a covering is unique up to isomorphism and ramifies at the size 12 irregular I-orbit and nowhere else.
To prove this theorem, let us begin with some lemmas about group cohomology. In what follows we regard Z/3 as a trivial I-module (so that it is also trivial as aĨ-module). Proof. Consider the quaternions H. The unit quaternions H 1 form a Lie group isomorphic to SU 2 with a 3-sphere as underlying manifold. So the universal principal SU 2 -bundle E SU 2 → B SU 2 is realized by the unit 3-sphere bundle in the tautological bundle over P(H ∞ ) = ∪ n P(H n ). If we pass to the orbit space ofĨ → SU 2 , we obtain a fibration BĨ → B SU 2 with fiber SU 2 /Ĩ. The latter, known as the Poincaré sphere, is an integral homology sphere and so So in the Serre spectral sequence for fibrations Proof. SinceĨ is an extension of I by µ 2 , we have the Lyndon-Hochschild-Serre spectral sequence:
E p,q 2 = H p (I, H q (µ 2 , Z/3)) ⇒ H p+q (Ĩ, Z/3). The classifying space of µ 2 is the infinite real projective space whose integral cohomology is Z in degree zero and cyclic of order 2 in positive degrees. It follows that H q (µ 2 , Z/3) is nonzero only when q = 0; it is then a copy of Z/3. So the above sequence degenerates on its second page, so that we have an isomorphism H p (I, Z/3)) ∼ = H p (Ĩ, Z/3). Now apply Lemma 4.2.
We can now prove Theorem 4.1.
Proof of Theorem 4.1. We first prove the existence of such a cover. We know that the faithful I-action on K has an irregular orbit Q of size 12. If q 0 is a base point of K − Q, then a connected Z/3-cover of K − Q is given by a surjective group homomorphism φ : π 1 (K − Q, q 0 ) → Z/3. Such a group homomorphism factors through H 1 (K − Q) and hence is also given by a nonzero homomorphism φ :
is generated by the simple positive loops around the points of Q. These 12 generators are subject to the relation that their sum is zero and this defines a presentation of H 1 (K − Q). We then take as our cover the one defined by assigning to every generator the element 1 ∈ Z/3 (since 12 = 0 in Z/3, this is well-defined). By the Riemann extension theorem this extends to a nonsingular Z/3-cover p :
The construction is canonical in the sense that it is only in terms of the pair (K, Q): any automorphism of K which preserves Q will preserve the element of Hom(H 1 (K − Q); Z/3) defined above and will therefore lift over p to an automorphism of C K . This applies in particular to elements of I. Denote by Aut p (C K ) the group of automorphisms f of C K such that there exist af ∈ I which makes the following diagram commute:
It is easy to see that for a given f the associatedf must be unique. From what we showed above, it follows that we have a surjective group homomorphism p * : Aut p (C K ) → I. Its kernel consists of the covering transformations of p, so that we have an exact sequence
This is a central extension of I by Z/3. By Lemma 4.3, such an extension is split in a unique manner so that we have in fact a unique way of letting I act on C K such that p is equivariant. We next show that C K → K is unique up to equivariant isomorphism. Suppose we have another smooth connected Z/3-cover p : C K → K with I-action. Every ramification point of p will be a point of total ramification, for Z/3 has no proper nontrivial subgroups. The set of ramification points is I-invariant, so is a union of I-orbits. Since C K is smooth and connected, it is irreducible. The Riemann Hurwitz formula P ∈C K (e P − 1) = 24 then shows that the only possibility is that we have 12 points of total ramification (the ramification index being 3). Since all the I-orbits in K distinct from Q have size > 12, the branch locus must be Q. The restriction of p to K−Q defines and is defined by a homomorphism φ : H 1 (K−Q) → Z/3. Since the covering is connected this homomorphism is onto and since the covering comes with an I-action, it is also I-invariant. In particular, will take on the 12 generators the same value and this value must be nonzero. This just means that φ = ±φ. The two coverings are then isomorphic, as they are identified by the identity of Z/3 or the inversion automorphism a ∈ Z/3 → −a ∈ Z/3. This proves the uniqueness.
Recall that the Winger pencil defines a hypersurface C ⊂ P(U ) × P 1 by the equation 4 with the fiber C o over o = [0 : 1] ∈ P 1 is 3K. We can construct a new family with almost every member is the same as the Winger pencil but 3K replaced by C K in Theorem 4.1.
Theorem 4.4. There exist a pencilĈ with A 5 invariant fiber and a natural morphism p :Ĉ → P(U ) × P 1 such that p λ :Ĉ λ → P(U ) × {λ} is an isomorphism fromĈ λ to C λ for every λ = o and p o is the triple cover of K described in Theorem 4.1.
We begin with a Lemma Lemma 4.5. There exist a algebraic varietyX and a morphismπ :X → P 1 with the property that over t = o we have the fiber isomorphic to P(U ), but at o the fiber is a projective cone E 0 over a rational normal curve.
Proof. We are going to construct the required algebraic variety from P(U ) × P 1 . By blowing up the subvariety K × {o} in P(U ) × P 1 , we can get a morphism π :X = Bl K×{o} P(U ) × P 1 → P(U ) × P 1 → P 1 It's clear thatX is smooth.
The strict transformation Â P(U ) × {o} of P(U )×{o} inX maps isomorphically to P(U )×{o}, thus can be naturally identified with P(U ). Using the notations of Equations 2, 3 and 4 and assume that z 0 = 0 and let t 1 = z 1 z 0 and t 2 = z 2 z 0 , then K × {o} is just the ideal < t 1 + t 2 2 , λ >. Hence we have Since this normal bundle is anti-ample, the subvariety Â P(U ) × {o} can be contracted to a point v. This gives a morphism c :X →X It is clear that π factors through c and a morphismX → P 1 , we will denote the latter one witĥ π. Then we claim that the morphismπ satisfies our requirements.
To prove this, let us return toX. The normal bundle
which has degree −2, the degree of ν K/P(U ) is 4. The normal bundle ν K×{o}/P(U )×P 1 of K × {o} in P(U ) × P 1 is clearly ν K/P(U ) ⊕ O P 1 . Then the exceptional divisor E ofX → P(U )×P 1 is isomorphic to P(ν K/P(U ) ⊕O P 1 ). It is actually a Hirzebruch surface of type Σ 4 . Also the exceptional divisor E is a P 1 bundle over K, which admits two sections. One is s ∞ which is defined by the summand ν K/P(U ) and other one s 0 which is defined by O P 1 . From the property of Hirzebruch surface the self intersection of s ∞ is -4 and the self intersection of s 0 is +4. Clearly s 0 is a rational normal curve, moreover since s ∞ has negative self-intersection, contracting s ∞ creates a cone E 0 over s 0 . The total transform of P 2 (U ) × {o} is E ∪ Â P 2 (U ) × {o} and using the notations in the proof of Claim 1, we see that s ∞ is just the curve onX such that η = 0 and y = 0. In other words s ∞ lies on the Â P(U ) × {o}. Hence image of π −1 (o) inX is a copy of E 0 with vertex at v. This finishes the proof.
Now we can prove Theorem 4.4
Proof of Theorem 4.4. Keeping the notations as in Lemma 4.5, we define the new pencil as following: let τ be the morphism of taking third power, i.e τ : λ ∈ P 1 → λ 3 ∈ P 1 . From the Equation 4, the pull-back (Id ×τ ) * C of C under Id ×τ is defined by
We letC be the strict transformation of it and letĈ be the image ofC under c. Then the new pencil is defined to beĈπ / / P 1 τ / / P 1 and the morphism p to be
Since K × {o} is I invariant in P(U ) × P 1 , we have a natural I action onX coming from P(U ) × P 1 . So is theĈ. This implies that p is a I invariant morphism. Moreover we claim that I orbit on K. By Equations 9 and 10, the total transformation of (Id ×τ ) * C has the equation
From the proof of Lemma 4.5, the strict transformation Â P(U ) × {o} satisfies the condition that η = 0. Hence Â P(U ) × {o} andC don't intersect. This proves the first claim. The second claim holds trivially. For the third claim, It's clear that it's image under p is K × {o}. To compute it's degree and ramification point, it's convenient to replace the η in Equation 11 by κ = 1 η . Hence we have the equation κ 3 + F (1, t 1 , t 2 ) = 0, this implies that p o is a degree 3 cover which ramified exactly at the zeros of F (1, t 1 , t 2 ). Since the point (1, t 1 , t 2 , λ = 0, κ) ∈Ĉ must satisfies the condition that t 1 + t 2 2 = 0, the ramification points must lie on the intersection of K and C ∞ while these points form an irregular I orbit of size 12. Moreover the same results hold for z 1 = 0 and z 2 = 0 these prove our theorem.
In particular the proof of Theorem 4.4 implies the following proposition. Observe that every member of this family is a curve of arithmetic genus 10 and endowed with a faithful A 5 -action. And each component ofŴ → B has 3 singular fibers.
ORBIFOLD MODEL AND DEGENERATION
5.1. Coverings of genus zero orbifolds and their moduli. We will describe how to construct the G-covering of a genus 0 orbifold which ramifies at given marked point and their moduli. This section is a summary of [4] and we will explain in detail some of its results that we will use. Suppose we have a descending sequence p 1 ≥ · · · ≥ p n of integers where n ≥ 3 and p i ≥ 2. We will denote by p the tuple (p 1 , · · · , p n ). Let π 0,n denote the group generated by a 1 , · · · , a n , subject to the only relation a 1 · · · a n = 1.
Let fl Mod 0,n resp. fl Mod( p) be the group consisting of automorphisms of π 0,n which preserve each conjugacy class of a i resp. permutes them in such a manner that the conjugacy class of a i goes to the conjugacy class of a j if and only if p i = p j . These groups contain the inner automorphisms of π 0,n as a normal subgroup and the quotients Mod 0,n := fl Mod 0,n / Inn(π 0,n ) resp. Mod( p) := fl Mod( p)/ Inn(π 0,n ) can be understood as the mapping class group of an npointed genus zero curve resp. of an orbifold of type (0; p 1 , · · · , p n ). It is clear that Mod 0,n is a normal subgroup of Mod( p) with factor group the S n -stabilizer of the function i → p i (denoted S( p)), so that we have a short exact sequence
These groups also have an interpretation as (orbifold) fundamental group: Mod 0,n is the fundamental group of the fine moduli space M 0,n of n-pointed genus zero curves (this is just the space of injective maps {1, . . . , n} → P 2 modulo projective equivalance) and Mod( p) is the orbifold fundamental group of the moduli space M 0 ( p) of orbifolds of type (0; p 1 , . . . , p n ). As will become clear below, the latter is not a fine moduli space, but underlies a Deligne-Mumford stack (which we shall denote by M 0 ( p)).
Let G be a finite group with trivial centre, for example I or S 5 and consider the setG( p) of surjective group homomorphisms g : π 0,n → G such that g(a i ) has order p i . Note that an element ofG( p) can also be considered as an ordered n-tuple (g 1 , · · · , g n ) of generators of G such that g i has order p i and g 1 · · · g n = 1. It is clear that Aut(G) will act on the left ofG( p) by postcomposition. In particular, G then acts onG( p) through inner automorphisms. In the tuple form, this action is just given by simultaneous conjugation. We will denote the quotient G\G( p) by G( p). We let fl Mod( p) act on the right ofG( p) by precomposition. Note that this action commutes with the Aut(G) action. It is also obvious that φ(αxα −1 ) = φ(α)φ(x)φ(α) −1 for all φ ∈G( p) and α, x ∈ π 0,n so that this induces a right-action of Mod( p) on G( p).
Let P be a copy of P 1 . Suppose that we have an injective map q : {1, 2, · · · , n} → P . We put U q = P − {q 1 , · · · , q n }. Choose a point q 0 ∈ U q , and let α i be a simple loop which begins at q 0 and encircles q i in such a manner, that the loops α 1 , . . . , α n are like the petals of a flower. Then an isomorphism π 0,n ∼ = π 1 (U q , q 0 ) is defined by a i ↔ [α i ]. So any g ∈G( p) then determines a surjective group homomorphism π 1 (U q , q 0 ) → G. By the theory of coverings, this defines a connected (unramified) G-covering U q ( g) → U q . Moreover, for elements g and g ofG( p), U q ( g) is G-isomorphic to U q ( g ) if and only if g and g lie in the same G-orbit. We note that when a G-isomorphism between U q ( g) and U q ( g ) exists, then it will be unique. For two such isomorphisms will differ by a deck transformation that has the property that it commutes with G-action. This just means that this deck transformation lies in the center of G and we assumed this center to be trivial.
Note that U q ( g) is in a natural manner a complex curve over U q . By normalization we can extend this to a ramified covering P q ( g) → P . The covering space is a projective nonsingular complex curve and P q ( g) → P is necessarily branched at q i with index p i (this is because the image of α i in G has order p i ). For the same reason as above, two such coverings P q ( g) → P and P q ( g ) → P are G-isomorphic if and only if g and g lie in the same orbit. Moreover no covering P q ( g) → P has a nontrivial G-automorphism. So for a given q, the G-coverings of P thus obtained are in bijective correspondence with G( p). The absence of nontrivial automorphisms enables us to do this in families (by letting q vary). In order to make this precise, we introduce a moduli functor.
Given a scheme S of finite type over C, consider smooth projective morphisms φ : C → S whose geometric fibers are connected curves endowed with a faithful G-action such that the orbifold quotient is of type (0; p 1 , · · · , p n ) (the G-action must of course be given on C). Let F = F G, p (S) be the set of such data given up to G-equivariant isomorphism. This defines a moduli functor F : Sch C → Set.
Theorem 5.1. The functor F G, p is given by a Deligne-Mumford stack C BG( p) → BG( p) whose underlying coarse moduli space BG( p) is a quasi-projective variety with G( p)/ Mod( p) connected components. By assigning to an element of F G, p (S) its G-quotient, we get a natural morphism BG( p) → M 0 ( p) of stacks resp. BG( p) → M 0 ( p) of varieties. This a finite cover of degree G( p). If we pull back this universal family via the quotient map M 0,n = M 0,n → M 0 ( p), we get a diagram C BG( p) → " BG( p) → M 0,n of varieties of which the first arrow lies in F G, p ( " BG( p)).
Proof. By considering all the possibilities of q, we obtain a covering map from the set of all isomorphism types of covering space mentioned above to the configuration space P (n) of injective maps q : {1, · · · , n} → P . This defines a diagram
where the last arrow is an unramified covering of degree #G( p) and the first arrow defines an element of F(P (n) ). We may think of this as a fine moduli space of connected G-covers of P whose orbifold points have been numbered (q 1 , . . . , q n ) with q i of type p i . We want to lift the action of Aut(P ) ∼ = PSL 2 (C) to this diagram. For this we must a priori pass to its universal cover fi Aut(P ) ∼ = SL 2 (C). This is a µ 2 -cover. It is clear that µ 2 ⊂ fi Aut(P ) acts trivially onP (n) . The same is true for CP(n) →P (n) , as this follows from the absence of nontrivial automorphisms of the G-coverings considered here. So the free Aut(P )-action on P (n) lifts to the diagram (12) . If we divide out by this action (which we can also implement by fixing q 1 , q 2 , q 3 to be 0, 1, ∞ and varying the other points), we obtain a diagram (13) C BG( p) → " BG( p) → M 0,n , where the last arrow is still an unramified covering of degree #G( p). The first arrow defines an element of F( " BG( p)) and can be regarded as a fine moduli space for systems (C; O 1 , · · · , O n ), where C is a smooth projective G-curve, whose G-quotient is an orbifold of type (0; p 1 , . . . , p n ) and whose irregular G-orbits have been numbered (O 1 , · · · , O n ) such that O i has size |G|/p i .
The modular interpretation of diagram (12) shows that the obvious action of the finite group S( p) on P (n) (which permutes the factors) also lifts to this diagram. This commutes with the action of Aut(P ), but the product action of Aut(P ) × S( p) may have nontrivial isotropy in P (n) , as some nontrivial element in Aut(P ) could permute the ramification points (q 1 , . . . , q n ) in a way as to preserve their weights. In other words, the residual action of the finite group S( p) on the diagram (5.2) may have fixed points in M 0,n and can act nontrivially on a fiber over such a point. Therefore the quotient by this action is a Deligne-Mumford stack
Its modular interpretation is that of (5.2), except that there is no numbering of the irregular orbits with the same type. The second map of (14) is a finite cover whose underlying morprhism BG( p) → M 0 ( p) is the one appearing in the theorem. A fiber of BG( p) → M 0 ( p) over a non-orbifold point is as a Out(G) × Mod( p)-set identified with G( p). In particular, since Mod( p) is the fundamental group of M 0 ( p), the connected components of BG( p) are indexed by G( p)/ Mod( p). The assertions of the theorem now follow.
Remark 5.2. We have to resort to stacks, because there might exist some G-curve admitting an automorphism which nontrivially permutes its irregular orbits. This happens precisely when some nontrivial element of S( p) fixes a point of G( p) by permutation of its entries (since the action of S( p) on G n will in general not even leave G( p) invariant, this is a rather exceptional phenomenon). On the other hand if this does not happen, then we have indeed a diagram of varieties C BG( p) → BG( p) → M 0 ( p) In particular, F G, p has then a fine moduli space.
5.2.
Moduli space of smooth projective genus 10 curve with faithful A 5 Action. The following lemma must be well-known. Lemma 5.3. Let G be a finite group acting faithfully on a connected nonsingular complex curve C. Then the stabilizer G x (x ∈ C) is cyclic.
Proof. We then have a linear representation
The image of this representation is finite and hence cyclic. It therefore suffices to show that this representation is faithful. Choose a local coordinate z at x. For any g ∈ G x acting trivially on T x C we have g * (z) = z + a 2 z 2 + a 3 z 3 + · · · for certain a i ∈ C. If one of the a i is nonzero, then let i be the smallest index for which this happens: g * (z) = z + a i z i + · · · with a i = 0. Then for n ≥ 1, (g n ) * z = z + na i z i + · · · = z, which would contradict the fact that g has finite order. So g must be the identity on a neighborhood of x. Since C is nonsingular and connected, it then follows that g is the identity.
Proposition 5.4. Suppose C is a smooth genus 10 curve endowed with a faithful A 5 action. Let f : C → P form the quotient by this action. Then P is an orbifold of type (0; 2, 2, 2, 5).
Proof. Obviously P is an orbifold. By the Riemann-Hurwitz formula, we have
Here deg(f ) = A 5 = 60, and e X denotes the ramification index of f at X. Since e X = 1 for all but finite many points, thus we may write it as Y ∈R⊂P X∈f −1 Y (e X − 1) and R is the ramification locus. Denote by G X ⊂ A 5 be the stabilizer of X ∈ C. Since A 5 acts on each fiber transitively and X∈f −1 Y e X = 60, we have α(Y ) : A computation then shows that the only solution is: g(P ) = 0 with 4 orbifold points, 3 of which have stabilizer of order 2, and one having order 5. This proves our claim.
We will use the methods in the last section to describe the moduli space of such curves, where we take G = A 5 and p = (5, 2, 2, 2). Note that in that case S( p) ⊂ S 4 is then the permutation group of the last three items (so that is a copy of S 3 ).
We begin with several combinatorial lemmas.
Lemma 5.5. Let A 5 (r) denote the set of elements of A 5 of order r. Consider the A 5 action on A 5 (5) × A 5 (2) by simultaneous conjugation. Then this action is free, and every orbit is represented by one of the following 6 pairs: ord(g 1 g 2 ) = 2: (g 1 , g 2 ) equals ((12345), (12)(35)) or ((12354), (12)(34)), ord(g 1 g 2 ) = 3: (g 1 , g 2 ) equals ((12345), (12)(34)) or ((12354), (12)(45)), ord(g 1 g 2 ) = 5: (g 1 , g 2 ) equals ((12345), (13)(25)) or ((12354), (13)(25)).
Proof. First we prove that the A 5 action is free. If that is not is case, then we can find a ∈ A 5 (5), b ∈ A 5 (2) and g ∈ A 5 such that g −1 ag = a and g −1 bg = b. Without loss of generality, we may assume a = (12345). Then we have g −1 ag = (g(1), g(2), g(3), g(4), g (5) ). But (12345) has only finite many forms, list them all we will find that g must be a power of a. But such element can not fix b under conjugation. Since for the same reason b must be a power of g, thus a power of a, a contradiction. Now we have 12 × 30 = 360 elements in A 5 (5) × A 5 (2) and A 5 has 60 elements and A 5 action is free. Thus we must have 6 different orbits.
To list all the orbits we may take a proper element g ∈ A 5 such that g −1 g 1 g is one of two following elements (12345) or (12354). In this case g −1 g 2 g can be any order 2 element. By calculation, we find that all possibilities are as above.
Lemma 5.6. [4] Take h ∈ A 5 (r) and consider the set of (h 1 , h 2 ) ∈ A 5 (2) × A 5 (2) such that h = h 1 h 2 . Then for r = 2, 3, 5 this set has r elements. For r = 2, h 1 and h 2 commute. For r = 3 or r = 5, this is a free h -orbit under simultaneous conjugation.
Proposition 5.7. The tuples (g 1 , g 2 , g 3 , g 4 ) ∈ A 5 (5, 2, 2, 2) come in three types, according to the order r of g 1 g 2 . For r = 2 we have 4 elements, for r = 3 we have 6 elements and for r = 5 we have 10 elements, giving therefore 20 elements in total.
The group Mod(5, 2, 2, 2) acts transitively on the subset of A 5 (5, 2, 2, 2) whose first coordinate is conjugate to (12345) resp. (12354), so that Mod(5, 2, 2, 2) has two orbits in A 5 (5, 2, 2, 2) .
No nontrivial permutation of the last three items fixes an element of A 5 (5, 2, 2, 2).
Proof. The first statement comes from the last two lemmas. First by Lemma 5.5, we may assume (g 1 , g 2 ) is one of the 6 pairs listed there. Then g = g 1 g 2 has order r where r = 2, 3 or 5. Lemma 5.6 implies that if (g 3 , g 4 ) and (g 3 , g 4 ) lie in the same orbit, then they can be transformed into each other through conjugation by a some power of h 3 h 4 . But similarly as above, such a conjugation cannot fix the first two coordinates. So the first statement follows. For the second statement, let us take any such (g 1 , g 2 , g 3 , g 4 ) where g 1 = (12345). First of all, by Lemma 5.6, if we fix the order of g 1 g 2 = (12345)g 2 , then Mod(5, 2, 2, 2) acts transitively inside these 'types'. The transformation map is given by (a 1 , a 2 , a 3 , a 4 ) → (a 1 , a 2 , (a 1 a 2 )a 3 (a 1 a 2 ) −1 , (a 1 a 2 )a 4 (a 1 a 2 ) −1 )
To show that Mod(5, 2, 2, 2) acts transitively on 'types', we only need to work on some examples. We begin with ((12345), (12)(35), (15)(34), (14)(35)). Here we find g 1 g 2 has order 2. Then the map (a 1 , a 2 , a 3 , a 4 ) → (a 1 , a 3 , a −1 3 a 2 a 3 , a 4 )
will map it to ((12345), (15)(34), * , * On the other hand, by the definition of Mod(5, 2, 2, 2), the conjugacy class of a 1 must be fixed. Thus g 1 must lie in the conjugacy class of (12345) (not of (12354)). In sum, we have 20 elements in A 5 (5, 2, 2, 2) which make up two Mod(5, 2, 2, 2)-orbits of size 10.
For the last assertion we only need to consider the case in Lemma 5.5, then the cases when g 1 = (12345) are as following: A long but tedious computation shows that the assertion holds in these cases. And clearly similar results hold when g 1 = (12354). Hence the last assertion holds.
Theorem 5.8. We have a fine moduli space C BA(5,2,2,2) → BA(5, 2, 2, 2) of smooth quasiprojective genus 10 curves endowed with a faithful A 5 -action, whose base BA 5 (5, 2, 2, 2) is a smooth curve with 2 connected components, each of which is a degree 10 cover of M 0 (5, 2, 2, 2) ∼ = M 0,4 /S 3 ∼ = P 1 − {0, 1, ∞}.
Proof. This follows from the last section (including Remark 5.2) and Proposition 5.7.
5.3.
Degeneration. Now we will allow the two of the order 2 orbifold points come together into one point (which we shall call the special point). This defines an A 5 cover C of P .
Proposition 5.9. The curve C is a nodal curve of arithmetic genus 10 whose nodes lie over the special point.
Proof. Let P be an orbifold of type (0; 5, 2, 2, 2). The orbifold points are named as z 1 , z 2 , z 3 , z 4 . And C is smooth genus 10 curve with faithfully A 5 -action. The morphism f : C → P is canonical map by quotient A 5 which is also a ramified A 5 -covering of P branched at 4 orbifold points. Let us take a open disk D ⊆ P which contains z 3 and z 4 , but not z 1 and z 2 , so that f −1 D → D is an A 5 cover ramified over z 3 and z 4 only. Let γ be an arc in D that joins z 3 with
We claim that f −1 γ ∩ D is a polygon which is homotopic to a nonseparating embedded circle on C (this means that its complement is connected). This will then imply that this polygon is a vanishing locus for the degeneration: it gets contracted to produce a node above the inert point. To see why the claim holds, note first that γ is the deformation retract of D. Since f is an A 5 -cover after deleting finite many points, the homotopy map lifts to a deformation retract of D onto f −1 γ ∩ D . On the other hand the boundary of D is homotopic to a simple circle that encircles z 3 and z 4 . It must has finite order in π 1 (D − {z 3 , z 4 }). Thus by the theory of lifting the pre-image of the path γ in D is a polygon. To see it is nonseparating, suppose otherwise so that C − f −1 γ is not connected. Since it is a ramified cover, we can find a lift of z 1 and a lift of z 2 , they lie in the different connected component of C − f −1 γ. Then this means that every path joining z 1 and z 2 in P will intersect γ. This is however not the case.
Remark 5.10. If we consider the GIT quotient of the projective space of effective degree 11 divisors on P 1 by SL 2 (C), then for the obvious SL 2 (C)-linearisation, a divisor is stable if only if it has no point of multiplicity > 5 and here semistability is equivalent to stability. A point (z 1 , z 2 , z 3 , z 4 ) ∈ M 0,4 with weight (5, 2, 2, 2) can be considered as a stable degree 11 divisor on P 1 if weight is interpreted as multiplicity. So if we allow only two of z 2 , z 3 , z 4 to be equal, then we still get a stable point, but any other type of coalescing yields an unstable point. This explains why we only allow two order 2 points to coincide. For more details on this quotient see [2] .
LetC → C be the normalization of C . By its universal property, the A 5 -action on C lifts toC . Note that C is not necessarily irreducible, and soC might be disconnected.
Proposition 5.11. Let y ∈ P be the special point. Then for every x ∈C over y, the A 5 -stabilizer of x is cyclic of order n ∈ {2, 3, 5}. In particular, the special point is an orbifold point of type n.
Proof. Denote byC i the connected component ofC which contains x. No nontrivial element of A 5 can act as the identity onC i and so the A 5 -stabilizer ofC i acts faithfully onC i . Lemma 5.3 then implies that the A 5 -stabilizer of x is cyclic. This stabilizer cannot be trivial and so the proposition then follows from the fact that the elements of A 5 − {1} have order 2, 3 or 5.
Remark 5.12. We can distinguish these three cases using the polygon mentioned in the proof of 5.9. In the order 2 case, we have 4 points with 2 in the fiber of z 3 and 2 in the fiber of z 4 . Each point connects with the other two and no two points lie in the same fiber are connected. So the polygon is a square. In the order 3 case, we have 6 points, 3 lie above z 3 and 3 lie above z 4 and we get a hexagon. Finally in the order 5 case, we have 10 points, 5 lie above z 3 and 5 above z 4 and we get a decagon.
Proposition 5.13. Let n be defined as in Proposition 5.11. Then n = 2:C is the disjoint union of 6 lines and C is the union of 6 lines, each two such lines intersect, but no three pass through the same point. n = 3:C is irreducible and is of genus 0 and C is irreducible with 10 nodes. n = 5:C is irreducible and is of genus 4 and C is irreducible with 6 nodes.
Proof. Consider the dual graph Γ of C. This is the graph whose vertices are indexed by the irreducible component of C and whose edges are indexed the nodes of C with an edge connecting the vertices defined by the irreducible components on which the node lies (for more details, see [1] Chapter X Section 2). Now we have the equation that
where the sum is over the connected componentsC i ofC , v is the number of vertices of Γ which is also the number of connected component of Γ and e is the number of edges of Γ which equals to the number of nodes of C . SinceC → P is a A 5 -cover, A 5 acts transitively on the set of connected componentsC i ofC , so that p a (C i ) is in fact independent of i. This also implies that the number v of connected components must be the index of some subgroup of A 5 in A 5 . It follows that v(p a (C i ) − 1) = p a (C ) − 1 − e = 9 − e For the value of e, by the last proposition, we know that it must has only possibilities of 15, 10 and 6 (nodes must lie in the fiber of y and normalization makes one nodes into two points). So the possible solutions are as follows: e = 15, v = 6, p a (C ) = 0: in this caseC is the disjoint union of 6 lines, C is the union of 6 lines, every two intersecting, but no three passing through the same point and the A 5 -orbit space is an orbifold of type (0; 5, 2, 2). e = 10, v = 1, p a (C ) = 0: thenC is a projective line, then C is irreducible curve with 10 nodes and the A 5 -orbit space is an orbifold of type (0; 5, 2, 3) e = 6, v = 1, p a (C ) = 4: thenC is a genus 4 curve, C is irreducible with 6 nodes and the A 5 -orbit space is an orbifold of type (0; 5, 2, 5).
A priori we might also have e = 6, v = 3. ThenC has 3 connected components, but since A 5 has no subgroup of order 20, this case is impossible. This ends the proof.
We can now prove our main theorem.
Proof of theorem 1.1. The family C A 5 10 → M A 5 10 appearing in the statement of Theorem 1.1 is of course our C BA 5 (5,2,2,2) → BA 5 (5, 2, 2, 2). We already established the first assertion and most of the second. The remaining part of that assertion follows from the fact that W • → B • defines a universal deformation of each member. The same is true for C BA 5 (5,2,2,2) → BA 5 (5, 2, 2, 2) and both are of dimension 1. The last assertion follows from the first and from what we proved. i
